SOLUTIONS TO TOPIC 1 (ALGEBRA)

1 a 18416+14+12+.... is an arithmetic series with u; = 18,

d= —2 and n = 30.
S, = g(2u1 ¥ (n—1)d)

Sz = 2(2 X 18 + 29 X (—2))

= —330
a 48424+ 12+6+.... is a geometric series with u; = 48,
r:% and n = 30.
1_ n
Sn:ul( ")
1—r
48 (1 —(2)%)
S3O: 1
1=3
~ 96.0
2 up, =27 and uy =8
wrd =8
3 8
T :2—7
r=2
. Uy
the series has sum S =
1—r
o
= 1_2
=381
2n + 1
3 a Uy =
3
2n+1)+1 2n+41
Up4+1 — Up = -
3 3
_ 2n+3—2n—1
N 3
=2 forall neZ"

3
consecutive terms differ by %, so the sequence is

arithmetic with d = %
b ul:%:l and d=§
Now u, =u; + (n —1)d
U50:1+49X§

o 2
=333
n
Sn = = + up
2(Ul Up)
Sso = (1 + 332)
2
= 8663
< Let w, = 117

u; + (n —1)d = 117
1+ (n—1)2=117
n—1=174

n =175

So, 117 is a term of the sequence (it is the 175th term).

40
d i Z Up = S40
n=1

Sp = g(Qul + (n—1)d)
Sio=2(2x 1439 x 2)
= 560
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i Z U,

n=30
= SGO - 529
=80 (2(1) +59(2)) — 2 (2(1) +28(2))
= 1240 — 2992
= 9403
a uy =1 and Uy = —23

u; +6d=1 and uy + 14d = —23
U1y — U7 = (Ul + 14d) - (Ul + 6d)

=—-23—-1
8d = —24
cood=-3
and u; =1 —6d
=19
So, ugr = uq + 26d
=19+ 26(—3)
= —59

= (19 — 59)
= —540
1_ n
a i b g, -z
I—r 1—r
and u; =1 s _ul(l—r7)
1—r=-=L1 [
15 Lo
1—r=2 1(1_(5))
3 = ;
1 T3
r =
3 _ 3 1
5( W)
_ 1093
— 729

a Since they are consecutive terms of an arithmetic sequence,
(k> +5) — (3k) =3k — (k+1)
k* —3k+5=2k—1
k* —5k+6=0
(k—2)(k—3)=0

k=2or3
b Since they are consecutive terms of a geometric sequence,
k*+5 3k , ,
T {equating ratios}

k2 4+ k? + 5k + 5 = 9k
B —8k*+5k+5=0

Using technology, k ~ 1.32 is the only solution which
satisfies 0 < k < 5.

Unt1 12 (%)n
un  12(2)"

:% forall ne z"

So, consecutive terms have a common ratio of %

Thus, the sequence is geometric with r = %

b ous—12(2)"
(k)
64

27



oo uq 20
(4 i Z Up = ii Z Uy = 520
n=1 1—r n=1
0
12 (2) g _m—r")
1-2 " 1—r
B 12(1-(3)%)
= l - SQO — 1_—2
3 3
=36 ~ 35.9892
8 a us 20 and Ug — 160
ur? =20 and wuyr® =160
ur® 160
wr? 20
r® =8
r=2
and u;2% =20
U = 5
b U190 = 5 X 29
= 2560
12
Z Up = S12
n=1
-1
Now §, — ‘=1
r—1
5(212 — 1)
Sig = ———
12 51
= 20475

9 Letu;, up and ug be consecutive terms of an arithmetic sequence
with difference d.

U = uy —d and uz = ug + d.
Now wuq + ug + uz = 18
Uy —d+ Uy +us +d =18
3u, = 18
uy = 6.
Also, u+ u; +u; = 396
(6 —d)* + 6%+ (6 + d)* = 396
36 — 12d + d* + 36 + 36 + 12d + d*> = 396

2d* = 288
d® =144
d==+12
So, the numbers are —6, 6 and 18.
10 w; =18 and d = —3.
If the series has n terms, then
S, = —210

g(m1 +(n—1)d) = —210

g(z X 18+ (n — 1) x (—3)) = —210

n
5(36 —3n+3)=-210
n(39 — 3n) = —420
3n? —39n — 420 =0
3(n* — 13n — 140) = 0
3(n—20)(n+7)=0
n =20 {n>0}
So there are 20 terms in the series.
11 Time period = 33 months = 11 quarters
Interest rate = 8% p.a. = 2% per quarter
r=1.02

*. the amount after 11 quarters is

13

11
Uig = Uy X T

= 3500 x 1.02"!
~ 4351.8101
So, the maturing value is £4351.81.

The sum of the integers between 100 and 200 which are not a
multiple of 4, is (100 + 101 4 102 + ...... + 199 + 200)
—(100 4 104 + ... + 196 + 200).

Now 100 + 101 + 102 + ...... + 199 + 200 is an arithmetic
series with u; = 100, n = 101 and wu,, = 200.

n
S, = —(u1 + uy,
2(u1 Up)

Sio1 = 12(100 + 200)
=15150

Now 100 + 104 + ...... + 196 + 200 in an arithmetic series
with w; = 100, n =26 and wu, = 200

Sag = 22(100 + 200)
= 3900
the required sum = 15150 — 3900
= 11250

a Let u, =3k — 11
u =3 xX1—11
=8
Ugrr —up = (3(k+1) —11) — (3k — 11)
=3k+3—11—-3k+11

=3
Since the difference between consecutive terms is constant,
uy is an arithmetic sequence with u; = —8 and d = 3.

S (3k—11) = S,
k=1
n
5536 = = (2us + (n — 1)d)
5536:%(2><(—8)+(n—1) x 3)
11072 = n(—16 + 3n — 3)

3n? —19n — 11072 =0

(3n + 173)(n — 64) =0

173

n =64 or — 3

Since » must be an integer, n = 64.
k-1
b Let u, = (£>
5

k

1-1 ¥

Uy = (E> and Shil _ (52_
5 Up

) (5)

Since the ratio between consecutive terms is constant, wy is

y 1
5

forall k€ Z™

ale —~

a geometric sequence with u; =1 and r = %

SO

k=1 5 1_7‘
5 1
=3
(1—£)><5:1
5
. h—y=1
y=4
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%/ x3e 3z71\ 2 4z
14 T2 ) 15 ( 2a? ) ” <27a3
= "(w?’")gz x (729 2a2 \ 2 97a-3
7x‘;a>< xz Xz - (3231) x < A2 )
=a? da* 27473
~(a7) < (%)
108a
36
= 3a
16 8203 = 16277 17 Gl -
(2%)2573 — (9%)2-e 2(3%) — 3%~
| 9009 _ g8—dz _ 333
6r—9=8—dz 32 x3-1)
10z = 17 =¢
vk
18 22" —17(2°" ) +4=0
2% 2% —17(2°)+8=0
2X° — 17X +8=0 {X =2"}
22X -1)(X—-8)=0
X = % or 8
2" =271 or 2°
r=—1lor3
19 2°8" =1 and §b+1 =9
20(2%)" =27'  and 37370 =32
20+3b — 9=l and g-a—b—1 _ g2
So a+3b=-1 ... (1)
—a—b—1=2 ... 2)
From (2): —a—b=3
Soa=—-3-b
Substitute into (1): —3 —b+3b=—1
2b =2
b=1
a=—4
log 8 log (&
20 a log,8 = 10§4 b log, (%) = 7?02297)
3log 2 —3log3
N 2log 2 Tgi%
_ 3 __3
2 2
4 log% V3= l(f\{g
g3
%logS
N —log 3
— 1
2
21 logs(2z —1) = —1
57t =2z —1
s=2—1
% =2z
R |
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log, A

22 logy A = ——
S log, b
8 8
log, 0 = 282 " logy9  lEa?
857~ log, 5 85 logsz 5
_ 8logz 5
~ log, 9
_ 8logz 5
2
= 4logs b
23 2Inz +In(z — 1) — In(z — 2)

=Inz® +In(z—1) — In(z — 2)
—1H(M>
(z—2)
24 logzx + logg(z —2) =1
log (z(z —2)) =1
3' = 2(x—2)
3=2"—22
a2t —22-3=0
(x=3)(x+1)=0
z=3 {z>2}

a2
25 a log, (5a) b log, (%)
=log, 5+ log, a S
= log, a” — log, 25
=xz+1
=2—2log, 5
=2—-2z
26 a M = ab®
log, M = log,(ab®)
log, M = log, a + log, b®
log, M =log,a+ 3
a
b D = "
a
log, D = log, (E)
log, D = log, a — log, b*
log, D = log, a — 2
27 a log,g M =2z — 1
1010g10M — 1022—1
M = 102«;—1
b log, N =2log, d — log, c
log, N = log, d*> —log, c
d2
log, N = log, (—)
c
d2
N =—
c
28 > Sl —e >0 4y =12 _ ,mx
y=x‘—e
) ~0.703 x
-1
v

Using technology the graph meets the z-axis at =z ~ 0.703
Hence z* > e if x> 0.703



29

30

31

22—1 — 32—z
Take the logarithm to base 10 to get:
log(2"7") = log(3°™")
(x—1)log2 = (2 —xz)log3
zlog2 —log2 =2log3 — xlog3
zlog2 + xlog3 = 2log3 + log 2
z(log2 + log 3) = log 3% 4 log 2
rlog6 = log 18
log 18
B log 6
x = logg 18
So, a=6 and b= 18.
(2 — ai)® = (2 — ai)*(2 — ai)
= (4 —2 X 2ai + (ai)?®)(2 — ai)
= (4 — 4ai — a®)(2 — ai)
=8 — 4ai — 8ai + 4a’i® — 2a® + a’i
=8 — 12ai — 4a® — 2a° + a%
= (8 — 6a%) +i(a® — 12a)
Let z =3 —3iV/3
4y
3
o ®
|2 = /32 + (3v/3)?
\/_ =v9+27=6
=33 e _3_1
z=3-3i3 cosb =75 =3
‘ o 0=2Z, andso arg(z) =
3 —3iv/3 = 6cis (-3
=6 (cos(—%) +isin(—%)
(cos(%’r) — zsm(%"))w
= (Cos(—z?") + zsin(—%’r)) 10
= (cis (—3)"
— cis (~22)

=i

3+ 4i 1+ 3i 3

Y (1+3i> i

~ (3+4i)(1 + 3i) 3

C (11— 3i)(1 + 3i) =3

_ 349i+4i+ 1277 3

B 1—9:2 =3

_ 341312 5

1—9(—1) ==
—9 + 13

T _3

- B+ ’

I
w3

~—

z+2

34 =1
z—2
z+2=1i(z—2)
Let z=a+bi
(a+bi)+2=1i((a+b)—2)
(2 +a) + bi = ai + bi® — 2i
(2+a) +bi=—b+ (a—2)i
Equating real and imaginary parts:
24+a=-b ... (1)
and b=a—2 ... 2)
Substituting (2) into (1): 24+a=2—a
20 =0
a=0
b= —2
So, z = —21.
35 Let z=a+bi, so z* =a—10bi, a, b€ R.
Now, 2° = (z")?
So (a+ bi)? = (a — bi)?

a® + 2abi + b*° = a® — 2abi + b*i?
(a® — b%) + 2abi = (a® — b®) — 2abi
Equating imaginary parts gives
2ab = —2ab
4ab =10
a=0 or b=0.
So z=a or z="0bi, a,beR.

So z is either real or purely imaginary.

36 a 1=cisO=cis(0+k2m) forall k€ Z
So z° = cis(k2m)

z = [cis(k2m)] 3
. k27r .
z= {De Moivre’s theorem}
z = cis 0, cis (2?”) cis (4;) cis (6”) s
cis (8”) {letting £k =0,1, 2, 3, 4}
cis(4z)
R
cis(
cis(%x)
b w = cis (2?”)
Now w® =1
Sow—1=0
(w—1)(w* +w® +w’+w+1)=0

w4+ v+ tw+1=0 {w#1}
2

37 22 —z2z+14:=0

1V

M+

2(1)

1+/1—4—4i
N 2
134
N 2
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Let a+bi=+v—3—4i, a,bER
(a+bi)? = —3 — 4i
a® +2abi — b* = —3 — 4i
Equating real and imaginary parts,
a? —b>=-3 (1)

2

ab=—2, andso b= —-—

2
—2

a2 - <_> N _3
a

5 4
a°——=+3=0
a2

From (2),

Substituting into (1):

a*—4+3a*>=0
(> +4)(a®—1)=0

2ab=—4 (2

a==+1 {a€R}
Soob=TF2
V3—4i=1-2 {a>0}
So, z:wzior 1—1

2

38 Let z=a+bi and w = c+ di.
Then (z +w)" = (a+bi+c+ di)”
=((a+c)+ (b+d)i)
=(a+c)— (b+d)
(a — bi) + (c — di)
=z"+w"

39 Let 2; = |z|cis® and 2y = |23 cis .

2z |21 cis @
Then — = ———
zy  |zofcisg
= % cis (0 — ¢) {property of cis}
zZ2

21
So arg| — | =0—¢
22

= arg(z1) — arg(22)

2
+3
40 Tk
zc—1
22 4+3=k(:*—-1)
22 +3=k?*—k
22(1—k)=—k—3
5 —k+3
z° =
1—k
. o . —k—3
*. the equation has imaginary roots if - <0
Sign diagram:
+ - - L
-3 1
So, the equation has imaginary roots for —3 < k < 1.
41 J
3
- -R
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42 |1—i| =

43

arg(l +14) = ¢

0

I
e}
[
=]
o
w1
o
©
=

09
—~
—

|
~.
=

I

|

|

(1—d)' = [ 2cis (—g)}11

(1450 (2—3i
T\ 2+ 36 2 —3i

—2+ 30+ 10i — 1532

4 — 942
13 + 134
13
=1+

14+ =v12412
L+il=V

A+

= (\/5)12015 (%) {De Moivre’s theorem}
= 64cis(m)
= 64 (cosm + isin)

= —64

Lt et z=rycisfd and w=rycis¢

z
Then — =

45

ry cis

w  rocisfh

=i (0 —¢) {property of cis}
T2

z _7'1

w _T'2
:ﬂ’ w# 0

w

|2 =3 = |z —1]

(2 +iy) — 3] = [(z +1y) — 1]
[(z = 3) + iy = [(z — 1) + iy
V=32 +y>=/(z -1+
(=3 +y* = (&~ 1)+
22 —6r4+9=2>—2z+1
4dr =8

=2



46 a

47 a
b

48

49 a

‘Zl| =V 32 +42
=9+ 16

=5

arg(z;) = arctan (%)

~ 0.927
22| = /82 + (—8)* <
= 4/64 + 64
=82
arg(zz) = —%
Ji
/| P . P(z,)
L N2
_ i3 8 1:1 -7
B e o> R(z, +z,)
] Q(Zz)
\
— — —
OR = OP + OQ
2 *
2f=z
(rcis0)® = (rcisf)*
2 cis 20 = rcis (—0) {De Moivre’s theorem}
r> =7 and cis260 = cis (—0)
cis 20 B
cis (—0)
cis30 =1
rP=r
ot —r=0
r(r—1)=0
r=1 {r>0}
Now cis30 =1
30 =0+ 2kmw, kEZ
2k
0=—, keZ
3
_ 2w 4w
cisO0=1
cis%7r = cos%’r —|—isin%7r
_ 1, VB
=Tzt
cis%7T = cos%7r —i—isin%’T
_ 1 _ 3B
=732 7 gt
So, the non-zero solutions to 22 = z* are z = 1, —%—i—
or —% — ?z
z=1iz"
z 41y = i(z — iy)
=iz +y

z =y {equating real and imaginary parts}

cisfcis ¢ = e'e'® b (rcish)” = (re’)”
— ei9+i¢ _ Tn(eié)n
_ ei(6’+¢) _ rneine
= cis(0 + ¢) = r" cisnd

V3
2

~—

[ 4 w = 61(2?#

5
uﬁz(ei(%“))
:627ri
= cis2m
=1
So w’—1=0
(w—1)(1+w+w®+w* +w')=0
IT+w+w +w +w* =0 {w#1}
14+ w+w® +w® = —w
1+ w)(1+w?) =

4
—w

50 a Let 2, =1+iy/3 and 2z = 1+1.
12 + (V/3)2

A9 |21 =
‘/g ------- ;21 =9
COSQZ%, sin@:@
R s 0z
y Sz =2cis %
W |Z2|:V12+12
1 | '22 =1/2
; 1 . _ 1
cosgzﬁ—ﬁ, sm¢—ﬁ
< ¢ - R ==
T 1
y 22:\/§ci5§
1+iV3
So z = -
1+:
2cis§

=V2cis 5
b i If 2" eR, arg(z")=km, k€Z
2" = (\/5 cis %)
= (V/2)"cis 22
arg(z") = 15
So the smallest positive value of n which satisfies
T =kr is n=12
ii If 2" is purely imaginary, arg(z") = Z +kx
=k
The smallest positive value of n which satisfies
T =3 +tkris n=6.
51 a w= (&)
3
i coowt = (ei(%ﬂ)>
— 627\'1'
= cis 2w
=1
w?—1=0
(w—1)1+w+w?)=0
1+w+w? =0 {w#1}
b i v =uvviw ii w?=1
= 1
v sowt=—
w
w = w?

a7 |
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il (1—w)?=1-2w+w?
=1+w+w?—3w

v
(14 w)?

—1
= w

=w? {partii}
L+w?  1+wt+w’—w

14w 14w+ w?—w?
—w

—w?

52 a Let 2°=—27i

2 =27cis (2 + k2r), k€L
z = 3cis (% + 'CZT”) {De Moivre’s theorem}
z = 3cis 7, 3cis7—6?r, 3CiSHT7r {k=0,1,2}
J
3z =3cis%
- - R

z, =3cis & 75 =3cisi

Y

b Let 2 =3cis 3, ;;zz?)cis%7T
_ s 117
z3 = 3Cis 5~
2223:3cis%’><3cis11T"
_ : 187
= 9cis (—6)
=-9
2 _ .om\2
2z —(301s5)
= 9cism

2
= —9 and s0 2923 = 2

¢ 21223 = 2z1(2,°) {from b}
=2z

= 27

53 cos 360 + i sin 36
= cis 36
= (cis#)® {De Moivre’s theorem}
= (cos B + isin6)>
= cos” 0 + 3i cos® O sinf — 3 cos O sin®f — isin® 9
= [cos® § — 3 cos O sin® 0] + i[3 cos® A sin  — sin® 6]
Equating imaginary parts,
sin 30 = 3 cos? fsin @ — sin® 0
=3(1 —sin® 6) sin§ — sin® 0

= 3sinf — 4sin® 0
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54 a 2"+ in
z
=z"4z"
= (cis0)"™ + (cis@) ™"
= cis(nf) + cis(—nf) {De Moivre’s theorem}
= cos(nb) + isin(nb) + cos(—nh) + i sin(—nb)
= cos(nb) + isin(nb) + cos(nf) — i sin(nh)
= 2 cos(nb)

0N, 4 1
b zt+-) =2 4427 +6+ 5+ —
z 22 2t
n\* L 1 , 1
24— =z +—|+4|(2z"+—= ) +6
z 24 22
(2cos0)* = (2cos46) + 4 (2 cos 20) + 6

16 cos* 0 = 2cos 460 + 8cos 20 + 6

cos?o = %cos49+ %cos29+%

21277"11277"(71)7‘:2727‘

a 12—3r=
r=3
T, = (132) 212-3(_1)348
= —1126402°
The coefficient of 22 is —112640.
b 12—3r=0
r=4
T, — (142) 912-4(_1)1,0
= 126720

The constant term is 126 720.

n! n!
56 () - (H) =) = Dln—(r—1))!
n! n!
ri(n —r)! i (r—Dl(n+1—r)!
nln+1—r) nlr
rl(n+1—r)! * rl(n+1—r)!
nln+1—7r)+nlr

ri(n+1—r)!
_ nl(n+1) —nlr+nlr
rln+1—r)!
B (n+ 1)!
rl((n+1)—r)!

— ("#) foralln, r€Z", r<n

57 There are 12 numbers up for selection and we choose 3.
-, the total number of combinations is C32 = 220.

58 There are 9000 integers between 1000 and 9999 inclusive.
Integers that do not contain a 5:

‘V

not not 5
Oorb



there are 8 X9 X9 X9 = 5832 integers that do not contain
ab.

number of integers that do contain a
5 = 9000 — 5832 = 3168.

59 T = (7) (B32)" 7 (2)
= (") x3"Tx 2 X"
Coefficient of 2% n —r =3
r=n-—3
Ty o= (n’js) x 3% x 2m78 x g8
Coefficient of z: n—7r =1
r=n-—1
T, = (n’il) x3x 2" x ¢
Now [(nL) X 3 X 2"*1] X 21 = (njg) x 3% x2n3

n!

Dl (S XX

n!

= x 3% x 2n—3
(n—=3)!(n—(n—3))!
—1 -2
nx 3 xatxr= Moz e2) é(n ) 59 % 2n3
nx22><7:—n(n_1)(n_2) X 3
6

56n = n(n —1)(n — 2)
56n = n(n® — 3n + 2)
o 56n =n® —3n® 4+ 2n
n® —3n® — 54n =0
n(n® —3n —54) =0
nn —9)(n+6) =0
n=9 {nez}

nana

non 0 different
from first digit

60 a

there are 9 X 9 X 8 X 7 = 4536 numbers
b Numbers that do not have a “7” as one of the four digits:

nona

non 0 different
and from
non 7 first digit

there are 8 X 8 X 7 X 6 = 2688 numbers that do not
contain a “7”.

there are 4536 —2688 = 1848 numbers that do contain
2“7,

61 T,y = () (k2)*™" <%>

— (9) k977‘x97ri
r x%
_ (9) kgfrmgf%r
3r
For the constant term, 9 — ? =0
3r
——9
2
r==6

62

63

64

65

66

67

68

T, = (3) K*z°
84k = —10%
3 1
ko =—3
1
k=-3

11

2) = 55 ways of

a Choose 2 people from 11. There are (
doing this.

"
6 men 5 women

So, there are 6 X 5 = 30 handshakes between a man and
a woman.

6 of the 24 upstairs seats are taken. We hence choose 18 people
from the 48 —(8+6) = 34 remaining passengers to sit upstairs;
the rest sit downstairs.

. there are (1) = 2203961430 ways.

(x+2)(1—2)"°
—(m+2)<1 e
= (2 +2)(1— 10z + ... +

g b

[

140) 2% and —2 (150) z°.

—2(%) =—29

So, the terms containing - are (

.. the coefficient of z° is (140)

If all pairs of points defined different lines, there would be

(121) = 55 lines.

There are (;) = 6 ways of choosing a pair of points from the
4 collinear points, of which we include one.
So the total number of lines is 55 — 6 + 1 = 50.
Q+a)" = (p) x1"xa®+(7) x 1" x 2!

+ () x1" x4 (D) x 1% x a2
Now set = = 1:
A+ = () x1"x 1%+ (1) x 1" x 1!

+(0)x1" 2 x P+ (P) x 10 x 1"

=)+ () +G)++(0)

n

2" =3 (V)

r=0
If the mathematics exams are consecutive, then we can treat them
as one subject, giving 7 exams to order.

This pair of mathematics subjects has 2! orderings, so there are
7! X 2! schedules that cannot be used.

There are 8! total orderings.

So the teacher can choose from 8! — (7! x 2!) = 30240
schedules.
Consider the 2™ term in: (1 + 2)*" = (1 + 2)"(1 4 z)"
On the LHS, Ty 41 = (2:) 1"z"™, so ™ has coefficient (2:) .
On the RHS, we have

(1+z)"(1+2)"

= [+ et () ()0
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. the coefficient of 2"

=+ () e () O+ )

=+ ) et (1) () + )
(=0

= )G e ()
Equating coefficients of =",

2 2 2 2 2
=)+ +G) +et (0)
n(n—l) —n (n_l)l
r-1 (r—D!'n—1—(r—1)!
n!
(r—1ln—r)!
n!
=r—
rl(n —r)!
:r(’:) forn,r €Z T, n>r.
Each person is either in or out of the committee, so there are

212 = 4096 possible committees.

There are (112) = 12 1-member committees, and (102) =1
0-member committees.
Hence there are 4096 — (12 + 1) = 4083 committees with at

least two members.
L (bY
T = (7) W)’ (E>

:(2)><x92;r><br><%

— () x b x a2
For the coefficient of 73, 2 ;3T = —
r=2>5
7= (3)
Now, 22 has coefficient —4032, so (z) b° = —4032
b = —32
b= -2

a (136) = 560 triangles

b There are 5 possible points on the circle and (121) possible
points within the circle.

121) = 275 triangles.

", there are 5 X (

¢ There are (2) = 10 triangles with all vertices on the circle.
Hence there are 560 — 10 = 550 triangles with at least one
of the vertices within the circle.

Pyis: “I1X2+42X54+3X8+......+n(3n—1) = n*(n+1)”

for n € Z7.

Proof: (By the principle of mathematical induction)

() n=1, LHS=1x2=2 and RAS = 1%(1+ 1) =2
. Py is true.

(2) If P, is true, then
IX242X54+3X8+....+k(Bk—1) =k (k+1)
Thus 1 X2+2X5+3x8+ +k(3k—1)

+(k+1)Bk+1)—1)
=k (k+1)+ (k+1)(3(k+1)—1) {using P}
k+1) (K +3(k+1)—1)

k+1)(k* + 3k +2)

E+1)(k+1)(k+2)

k+1)%(k+1]+1)

= (
= (
= (
= (
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Thus P4 is true when Py is true. Since P is true, P, is

true for n € ZT.
{Principle of mathematical induction}

P, is: “5n® — 3n? — 2n is divisible by 6” for n € Z™T.
Proof: (By the principle of mathematical induction)

M Ifn=1 5x1*-3x1>—-2x1=0

=0x6
. Py is true.
(2) If P, is true, then 5k* — 3k* — 2k = 6A where A is an
integer.

5(k4+1)° —3(k+1)* —2(k + 1)
=5k +3k>+3k+1) —3(k* +2k+1) — 2(k + 1)
= (5k* — 3k* — 2k) + 15k* + 9k
= 6A + 3k(5k 4 3) {using Py}
—6A4+3(2B), BEZ
{k(5k + 3) is divisible by 2, since either k is divisible by 2,
or k is odd = 5k + 3 is divisible by 2}
=6(A+ B), where A, BEZ
So, P41 is true.
Thus P, is true whenever Py is true, and P, is true.
. P, istrue forn € ZT.
{Principle of mathematical induction}

a Suppose n = 1. 9! + b is divisible by 8 if b =7
{0 <b<9}.
So, b=T17.
b P, is: “9™ + 7 is divisible by 8" forn € Z*
Proof: (By the principle of mathematical induction)
(1) Ifn=1 9"+7=16=8x2
. Py is true.
(2) If P, istrue, then 9% +7 =8A where A € ZF.
Ot 47 =9x9F 47
=9X (9" +7)—9XT+7T
=9XxX8A—-9xT7+7 {using P}
=9X8A-8x7
=8(94 —17)
. Prqq is true.
Since P, is true and Py, is true whenever Py is true,
P, is true forn € Z™.
{Principle of mathematical induction}

P, is:“14+2x2'4+3%x 2%+ ... 4+nx2" = (n—1)2"+1”
forn € Z7.
Proof: (By the principle of mathematical induction)
() fn=1 LHS=1 and RHS= (1 —1)2' +1 =1
. P is true.
(2) If Py is true, then
1+2x2'+3x2%+

+hkx2F = (k—1)2" +1

So 1+4+2x2"43x2%4 . 4kx2" 4 (k4+1)2F
=(k—1)2"+14 (k+1) x 2F {using P}
=kx2"—2" p 14k x2k b
=2xkx2"4+1
=(k+1]—1)2F" +1
. Ppyq is true.

Since P, is true and Py, is true whenever Py is true, P,
is true for n € Z*. {Principle of mathematical induction}



77 a 42% = 2? + 22° + 27
>al+ 22+ 1 {ifz > 1, 22>z, and 2° > 1}
> (z+1)?
b P,is “4™ > 3n%” for n € Z7.
Proof: (By the principle of mathematical induction)
() f n=1, LHS=4'=4 and RHS=3x12=3
4 > 3,s0 P is true,
(2) If P, istrue, 4% > 3k
Now, 4Ftl =4 x 4*
> 4(3k*) {using Py}
> 3(4k%)
> 3(k +1)% {using a, k > 1}
So Py is true.
Since P; is true and Py is true whenever Py is true,
P, is true for n € ZT.
induction}

{Principle of mathematical

78 P, is “n® + 2n is divisible by 3” forn € Z7.
Proof: (By the principle of mathematical induction)
(1) fn=1 13+2x1=3=3x1
P, is true.
(2) If Pyistrue, k> +2k =3A where A€ Z
(k+1)%+2(k+1)
=k +3k> +3k+1+2k+2
= (k® +2k) + 3k* + 3k + 3
=3A+43(k*+k+1) {using P}
=3A+K +Ek+1)
. Pryq is true.
Since P, is true and Py is true whenever Py is true, P,
is true for n € Z*. {Principle of mathematical induction}

79 P,is: “3" >n?+n” forn€Z".
Proof: (By the principle of mathematical induction)
() f n=1, LHS=3'=3 and RHS =12 +1 =2
. P is true.
(2) If Py istrue, 3% > k? +k
3F T =3 x 3*
> 3(k* + k) {using P}
> 3k% + 3k
> 2k + k% + 3k
>2+k*+3k {k>1}
>E +2k+1+k+1
>(k+1)°+(k+1)
So, P41 is true.
Since P; is true and P4 is true whenever Py is true, P,
is true for n € Z*. {Principle of mathematical induction}

SOLUTIONS TO TOPIC 2

(FUNCTIONS AND EQUATIONS)

1 A function is a relation in which no two different ordered pairs
have the same z-coordinate. A graph of a relation is a function
if all possible vertical lines on the graph cut the relation no more
than once.

2 Domain= {z |z > —1,z # 1}

3 Domain = {z | z > 2} Range = {y |y € R}

b a f(g(z)) = f(4—2)

=34—z)+1
=—3z+ 13
b (g0 f)(x) = 9Bz +1)
—4—(3z+1)
=33z
So (go f)(—4) =3—3(-4)
=15
¢ fisy=3z+1 s0 f'lis z=3y+1
=1
Y= 3 ;
—1 xr —
) =
ACE
1
11 2
s0 s) =
IOEES
-1
~— %6
5 yﬂ
flx)=x%+2x
- -1 -
\‘ X
------- -1
v
fis y=2a*+2zx, z€]—00, —1]
so flis @ =y’ +2y, y €00, —1]
x+1:y2+2y+1
Loetl=(y+1)°
+Vr+l=y+1
y=—Vve+1-1 {as y < —1}
so f[Tlz)=—Ver+1-—1
Any point of f(z) which lies on the line y = x will be an
invariant point.
. (=1, —1) is an invariant point.
6 a

y
/f(x) =x?—2x
) 2 X

Y (L_l)

NN

(=1,=1)

' (1,—1)

Ly
/y=f(XI)
/ .

X
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